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TANGLES IN AFFINE HECKE ALGEBRAS
HUGH MORTON
Abstract. The affine Hecke algebra H˙n of type A is often presented as
a quotient of the braid algebra of n-braids in the annulus. This leads to
diagrammatic representations in terms of braids in the annulus, subject
to a quadratic relation for the simple Artin braids, as in the description
by Graham and Lehrer in [GL03].
I show here that the use of more general framed oriented n-tangle dia-
grams in the annulus, subject to the Homfly skein relations, produces an
algebra which is isomorphic to H˙n with an extended ring of coefficients.
This setting allows the use of some attractive diagrams for elements of
H˙n, using closed curves as well as braids, and gives neat pictures for its
central elements.
1. Introduction
In the course of looking for Homfly-based models for double affine Hecke
algebras of type A, and other related algebras Samuelson and I have made
use of Homfly1 skeins of braids and more general tangles in the annulus and
torus [MS19]. Although we had been familiar with the braid pictures of
Graham and Lehrer [GL03] we were not able to find an explicit reference
in print to the anticipated extension for the annulus to include the use of
closed curves, when asked about this recently by Alistair Savage.
I have written this paper partly in response to Savage’s question, to give
a good account of the exact relations between the affine Hecke algebras and
their full skein representations. Following a similar analysis by myself and
Traczyk [MT90] of the finite Hecke algebras Hn in terms of oriented n-
tangles in D2 I use the same careful choice of ring Λ for the Homfly skeins.
This can be coupled with Turaev’s result [Tur88] that the Homfly skein C of
closed curves in the annulus is a free polynomial algebra to prove that the
Homfly skein Skn(A) of n-tangles in the annulus A has the following algebra
structure.
Theorem (Theorem 2).
Skn(A) ∼= H˙n ⊗ C
Date: May 28, 2020.
1I should really use the extended acronym HOMFLYPT, particularly since Traczyk is
my co-author on one of the references. The abbreviation Homfly has, however, the merit
of reading a little bit more easily.
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Rather than incorporate the proof of theorem 2 into our work on the
double affine Hecke algebras [MS19] it seemed preferable to present it as a
self-contained note, more along the lines of the old work in [MT90], which
itself does not seem to be widely available.
2. Background
We start with a brief account of Homfly skein theory, directed at the
construction of algebras related to a surface F , so as to establish the ex-
act parameters we need, before concentrating on the annulus, and briefly
reviewing [MT90].
For a 3-manifold M the Homfly skein Sk(M) is based on oriented framed
curves in M up to isotopy.
Definition 1. The (Homfly) skein Sk(M) of a 3-manifold M is the set of
Λ-linear combinations of framed oriented curves inM up to isotopy, factored
out by three local linear relations.
These are
(1) − = z (quadratic),
(2) = = v , = = v−1 (framing),
(3) = δ (unknot).
In these relations the local framing is drawn as a band, and we assume
that the diagrams are identical outside the part in a 3-ball as shown.
For compatibility we need δz = v−1 − v in Λ. We shall work here with
Λ = Z[z, δ, v±1]/ < δz = v−1 − v >⊂ Z[z±1, v±1].
This is in many ways the natural ring to use for the basic Homfly polyno-
mials, since the only occurrences of z−1 which are needed arise from factors
of δ. There is an advantage in using this ring, since it is then possible to
set z = 0 and v = 1 while retaining δ. This gives us a ring homomorphism
e : Λ→ Z[δ] with e(z) = 0, e(v) = 1, e(δ) = δ.
3. Surface skeins
For a surface F the skein of the thickened surface M = F × I admits
a natural product making it an algebra over Λ. The product structure is
defined by stacking copies of F × I. Write Sk(F ) rather than Sk(F × I) for
this algebra.
In the case F = D2 we have Sk(F ) ∼= Λ, with the empty diagram acting as
the identity element and a link L in Sk(D2) corresponding to a normalised
version of its Homfly polynomial in Λ.
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Where F is the annulusA = S1×I the algebra Sk(A) := C is commutative.
It was shown by Turaev [Tur88] that C is a free polynomial algebra on
commuting generators {Am,m 6= 0 ∈ Z}. Subsequent work has produced
more interesting interpretations of C and useful bases besides the basis of
monomials in Turaev’s generators. For example a basis {Qλ,µ} indexed by
pairs of partitions of integers is described in [HM06], and other features of
C are discussed in [MM08].
For other surfaces F the algebra Sk(F ) is generally non-commutative.
A presentation of the algebra Sk(T 2) of the torus is given in [MS17] with
generators {Px,x 6= 0 ∈ Z
2}, while the sets of generators get uncomfortably
large once the surface is more complicated.
4. Relative skein algebras
We can extend our skeins and the resulting algebras by including framed
arcs as well as closed curves. Fix n points J ⊂ F and include n oriented
framed arcs from J × {0} to J × {1}, along with oriented framed curves
to give an algebra for each n on applying the skein relations. We assume
that there is a framing chosen at each point in J , which is fixed under any
isotopy of the framed arcs.
Write Skn(F ) for the resulting algebra with Sk0(F ) written as Sk(F ) for
the skein of closed curves in F .
Remark 1. Up to isomorphism the algebra depends only on n = |J |, not
on the exact choice of J or the framing at the points of J .
In Skn(F ) the n-braids play an important role - these are tangles with n
monotonic arcs and no closed curves. If we stick to these, and just impose
the quadratic relations then the known presentations of surface braid groups
with the addition of the quadratic relation in the form a2−1 = az for a = σi
give a presentation of the resulting algebra BSkn(F ).
The simplest case is F = D2, where BSkn(D
2) gives the Hecke algebra
Hn(z). This has a nice basis of n! elements, represented by the positive
permutation braids {bω, ω ∈ Sn}.
Traczyk and I noted [MT90] that the full skein Skn(D
2) is also spanned
by these elements, and used the Homfly polynomial with the simplification
given by mapping to Z[δ] to prove them independent in Skn(D
2).
Theorem 1 (Morton-Traczyk, 1986).
Skn(D
2) ∼= Hn(z)⊗ Λ
5. The skein algebras of the annulus
We will follow the pictorial approach of [GL03] to describe the skein
Skn(A). Draw diagrams of braids and tangles on a square with the left
and right hand sides identified. The n input points at the bottom are joined
by (framed) arcs to n output points at the top. We can allow additional ori-
ented closed curves in the diagram while we don’t assume that the arcs rise
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monotonically. We use the blackboard convention to indicate the framing
when drawing diagrams in this way.
Composition is given by placing one diagram on top of the other.
The n-braids in A are generated by the regular Artin braids {σi}, which
stay within the square, and a further braid τ in which all strings move one
place to the right as shown here,
τ = .
This braid satisfies σiτ = τσi+1 for i = 1, . . . , n − 2 and σn−1τ
2 = τ2σ1.
Remark 2. Graham and Lehrer introduce σn := τ
−1σn−1τ to work uni-
formly with the indices mod n.
We write xi for the braid
xi =
in which the ith point moves once round the annulus as shown, and no others
move. The elements xi commute among themselves and can be used, along
with the positive permutation braids, to give a linear basis for the affine
Hecke algebra H˙n.
Explicitly, the elements
{vρ := x
r1
1 x
r2
2 . . . x
rn
n bω}, ρ = (rρ, ωρ) ∈ I = Z
n × Sn
form a linear basis for the affine Hecke algebra H˙n(z) over the polynomial
ring Z[z]. Here H˙n(z) is defined as the quotient of the group ring of n-braids
in the annulus, factored by the quadratic relation
a2 − 1 = za
for a = σi. The relation may also be put in factorised form
(a− s)(a+ s−1) = 0, z = s− s−1.
Remark 3. The positive permutation braid bω for the permutation ω ∈ Sn
can be defined geometrically as a braid having a diagram with n arcs only
such that the string i, which starts from point i at the bottom, goes to point
ω(i) at the top, and at any crossing point string i crosses over string j at any
crossing point when i < j. It is well-known that any braid diagram satisfying
this condition depends only on the permutation ω of the endpoints.
The braids vρ in the annulus satisfy the same condition there, in that at
any crossing string i lies over string j if i < j.
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In the skein Skn(A) we will have diagrams that include closed curves. In
particular we have diagrams such as
where a single closed curve lies behind the identity braid. More generally
we can define an algebra homomorphism
φ : C → Skn(A)
by setting
φ(X) =
X
where the combination of curves in the annulus representing X are placed
behind the identity braid as shown.
We can now present our description of the full skein Skn(A) of the annulus
as the affine Hecke algebra H˙n with coefficients extended via φ to C.
Theorem 2. The full skein Skn(A) of framed oriented n-tangles in the
annulus satisfies
Skn(F ) ∼= C ⊗ H˙n,
where C = Sk(A) is the full skein of closed curves in the annulus, lying as
curves completely behind the identity braid.
First part of the proof. The first part of the proof is to show that any el-
ement of the skein can be written as a linear combination of products cβ
with β an n-braid in A, and c ∈ C. We can be more specific and choose
β = xr11 x
r2
2 . . . x
rn
n bω for some integer powers r1, . . . , rn and positive permu-
tation braid bω, ω ∈ Sn.
Work inductively on the number k of crossings in the diagram of an n-
tangle, drawn in the square with left and right sides identified.
If k = 0 the diagram is isotopic to some power τ l, along with some number
m ≥ 0 of disjoint unknotted curves, giving δmτ l. This can readily be written
in the required form.
Order the starting points of the tangles 1, . . . , n and put the tangle strings
in order into totally ascending form. This means that starting from the input
point 1 and following along the strings in order the crossing points on string
i are met as over-crossings for the first time when working along string i from
start to finish. If a diagram is not in this form we switch the crossing we
first meet which is not an over-crossing, using the quadratic skein relation.
The difference is a smoothed diagram, with one less crossing point, which is
covered by our induction hypothesis.
Once a diagram is in totally ascending form the tangle strings will lie in
front of any closed curves, which then determine an element c ∈ C. The
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tangle strings then lie above each other in order, and can be isotoped inde-
pendently. The whole tangle can then be isotoped to a braid in the annulus
of the form vρ = x
r1
1 x
r2
2 . . . x
rn
n bω. In this isotopy the framing on the indi-
vidual strings may have extra twists, when compared to the isotopic braid.
This can be accounted for by multiplying by a suitable power of v. 
Second part of the proof. In theorem 3 we prove that the braids {vρ, ρ ∈ I}
are independent over C. We have just shown that they form a spanning set
for Skn(A) regarded as an algebra with coefficients in C. Hence they form a
basis over C for Skn(A), while {vρ, ρ ∈ I} form a basis for H˙n. This proves
the result that
Skn(A) ∼= C ⊗ H˙n.

To show the independence of the braids {vρ} in the skein Skn(A) we use
a closure map from n-tangles to curves in the annulus.
The closure map Cl : Skn(A) → Sk(A) = C is a Λ-linear map defined by
closing off the points at the top by curves in front of our diagram to points
at the bottom, using the extra curves shown here.
This map satisfies
Cl(cT ) = cCl(T )
for any c ∈ C since the curves of c lie behind the identity braid and can move
apart from the closure curves in the annulus. The map Cl then behaves well
with respect to our extra coefficients in C.
Theorem 3. The elements vρ, ρ ∈ I are linearly independent over C.
Our proof of theorem 3 depends on the following result, which will be
proved later.
Theorem 4. Let J ⊂ I be any finite subset of I, and set k = |J |. Define
a k × k matrix CJ with entries Cµ,ν in the commutative ring C for each
µ, ν ∈ J by taking
Cµ,ν := Cl(vµv
−1
ν ) ∈ C.
Then
det(CJ) 6= 0 ∈ C.
Proof of theorem 3. Suppose that there is a linear relation
∑
µ∈J
aµvµ = 0, aµ ∈ C,
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for some finite subset J ⊂ I with |J | = k. Construct the matrix CJ as above,
and then construct the k × k adjoint matrix adj(CJ), also with entries in
the commutative ring C, which satisfies
adj(CJ)CJ = CJadj(CJ ) = det(CJ )× (Ik).
Write adj(CJ) := DJ with entries Dν,ρ, ρ ∈ J . Then
∑
ν∈J
Cµ,νDν,ρ = det(Cj)δµ,ρ,
where δµ,ρ is the Kronecker delta, equal to 1 when ρ = µ and 0 otherwise.
For each ν ∈ J we have
0 =
∑
µ∈J
aµvµv
−1
ν =
∑
µ∈J
aµCµ,ν .
Then for each ρ ∈ J we get
0 =
∑
µ,ν∈J
aµCµ,νDν,ρ = det(CJ)aρ.
Since det(CJ) 6= 0 and the ring C has no zero-divisors it follows that the
coefficients aρ in the relation are all zero. The elements vρ, ρ ∈ J in Skn(A)
are thus independent. 
Once we have proved theorem 4 we then have completed the proof of our
main theorem 2 that
Skn(A) ∼= C ⊗ H˙n.
Remark 4. The argument above, using only coefficients aµ ∈ Z[s
±1, v±1],
confirms directly the result of Graham and Lehrer [GL03] that the braid
skein BSkn(A) of the annulus A is isomorphic to the affine Hecke algebra
H˙n, with the same basis elements {vρ}.
Before proving theorem 4 it is worth looking at some useful features of
the skein C. Turaev’s original analysis of this skein [Tur88] shows that it
is a free polynomial algebra with explicit generators {Am,m ∈ Z − {0}}
each represented by a closed curve with winding number m in the annu-
lus. We will suppose that we are using coefficients in Λ. There is then a
ring homomorphism p0 : C → Λ which selects the scalar term only of the
polynomial.
Write C′ for the free polynomial algebra over Z[δ] on the same generators
Am. Recall that there is a ring homomorphism e : Λ → Z[δ] defined by
e(z) = 0, e(v) = 1, e(δ) = δ. Apply e to the coefficients of each monomial
to define a homomorphism E : C → C′ which satisfies p0(E(X)) = e(p0(X))
for any X ∈ C.
At the skein level the map E allows us to pull curves through each other,
and to change their framing, since the skein relations simplify to
= , = = , = δ
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after applying e to the coefficients. More formally, if X and Y are two
diagrams related by these simplified relations then E(X) = E(Y ) ∈ C′.
In the simplified skein C′ any link diagram L with components L1, .., Lr
can be separated into the product of the individual components, and each of
these components can be altered to one of the curves Am or to the unknotted
curve δ := A0. Write mi for the winding number of Li in the annulus. We
then have the skein representation of L in C′ as
E(L) =
r∏
i=1
Ami .
Remark 5. Back in the skein C we could follow through the steps in the
skein resolution of L to write
L = vτ
r∏
i=1
Ami +K
for some τ ∈ Z and K ∈ (s− s−1)C.
Proof of theorem 4. To show that det(CJ) 6= 0 ∈ C it is enough to prove that
p0(E(det(CJ))) 6= 0 in Z[δ]. Now the determinant of a matrix is a polynomial
in its entries, and both E and p0 are ring homomorphisms. Hence
p0(E(det(CJ ))) = det(p0(E(CJ ))).
Wemust then calculate the determinant of the matrix with entries p0(E(Cµ,ν)).
Now each of the matrix entries Cµ,ν ∈ C is represented by a single diagram.
The closure of the braid vµv
−1
ν is a link with r ≤ n components L1, . . . , Lr,
where r is the number of disjoint cycles in the permutation ωµω
−1
ν . Hence
E(Cµ,ν) =
r∏
i=1
Ami ,
where Li has winding number mi in the annulus and we take A0 = δ. If any
of the winding numbers mi is non-zero then
p0(E(Cµ,ν)) = 0,
otherwise
p0(E(Cµ,ν)) = δ
r.
When µ = ν we have Cµ,µ = Cl(Id) = δ
n, the unlink with n components.
If ωµ 6= ων then r < n. If ωµ = ων then the braid vµv
−1
ν is pure, so r = n.
Either µ = ν and the entry is δn or at least one component of the closure of
vµv
−1
ν has non-zero winding number in the annulus and the entry is 0.
Thus the diagonal entries in the matrix p0(E(CJ )) are all δ
n while the
remaining entries are either 0 or δr for various r < n. The element
p0(E(det(CJ))) ∈ Z[δ]
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then has a single leading term δkn arising from the diagonal entries in CJ .
This is not cancelled by the other terms in the expansion of the determi-
nant, and hence the determinant is non-zero in Z[δ]. It follows at once that
det(CJ) 6= 0 ∈ C. 
Remark 6. The proof of independence of the positive permutation braids
in the skein Skn(D
2) in [MT90] used the evaluation in Z[δ] of a similar k×k
matrix, corresponding to the finite subset J ⊂ I of permutation braids.
Indeed our proof here shows the independence of this set of braids.
The matrix corresponding to CJ in [MT90] is not exactly that used here,
as it uses mirror images rather than inverses of the spanning elements in its
construction, which related to the geometric construction of a bilinear form
on Hn.
The same geometric construction is also used in [MT90] in a similar ar-
gument about the independence of a spanning set for n-tangles using the
Kauffman 2-variable skein of D2, aimed at a tangle-based realisation of the
Birman-Wenzl-Murakami algebras and their relation with the Brauer alge-
bras. This indeed was the primary goal of [MT90], and the mirror method
was devised because some of the spanning elements used were not invertible
in the Kauffman skein.
It is quite likely that an analysis of the Kauffman 2-variable skein of n-
tangles in the annulus could be completed along similar lines to the analysis
here for the Homfly skein.
6. Central elements
The homomorphism φ : C → Skn(A), placing closed curves behind the
identity braid, which we used to introduce scalar coefficients into the algebra
has images of the form φ(X) which are obviously central. There is a similar
homomorphism ψ : C → Skn(A) placing the closed curves in front of the
identity braid.
The image
ψ(Y ) =
Y
is again obviously central.
It is interesting to consider how such central elements ψ(Y ) look in terms
of our algebraic formulation of the skein as C ⊗ H˙n. By construction ψ(X)
is just the scalar X ⊗ 1.
Repeated use of the skein relation shows that
= z
∑
i
i
+
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This shows that ψ(P1) = z
∑
xi + φ(P1), where P1 ∈ C is represented by
the single core curve of the annulus. In our algebraic setting this reads
ψ(P1) = P1 + z
∑
xi,
showing that
∑
xi is central in H˙n.
There are further elements Pm ∈ C,m 6= 0 ∈ Z, introduced in [Mor02a,
Mor02b], with the property that
Pm
−
Pm
= (sm − s−m)
∑
xmi .
Then ψ(Pm) = Pm+(s
m−s−m)
∑
xmi , and so the power sums of x1, . . . , xn
and their inverses are also central in H˙n. We can deduce that all symmetric
polynomials in {x±i} are central in H˙n. While this is well-known in the
algebraic context we get here a nice geometric realisation.
The elements {Pm} can be used as generators of the algebra C in place
of Turaev’s generators. Expanding an element Y ∈ C in terms of {Pm}
then leads to an expression of the central element ψ(Y ) shown above as a
symmetric polynomial in {x±i} with coefficients in C, for any choice of Y .
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